Refinements on an Inequality of Ky Fan  by Yang, Gou-Sheng & Wang, Chung-shin
 .JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 201, 955]965 1996
ARTICLE NO. 0294
Refinements on an Inequality of Ky Fan
Gou-Sheng Yang
Department of Mathematics, Tamkang Uni¨ ersity, Tamsui, Taiwan 25137
and
Chung-shin Wang
Department of Mathematics, Tamsui Oxford Uni¨ ersity College, Tamsui, Taiwan 25137
Submitted by A. M. Fink
Received July 17, 1995
The aim of the present paper is to show that there are monotonic continuous
 .  .  .  .functions h t , k t , p t , q t such that
H F h t F G F k t F A .  .n n n
and
H G An n nF p t F F q t F , .  .X X1 y H G An n n
where A , G , and H are arithmetic, geometric, and harmonic means, respec-n n n
tively, of positive numbers x , x , . . . , x ; AX and GX are arithmetic and geometric1 2 n n n
1 xmeans of a sequence 1 y x , 1 y x , . . . , 1 y x with x g 0, , i s 1, 2, . . . , n.1 2 n i 2
Q 1996 Academic Press, Inc.
1. INTRODUCTION
We denote by A , G , and H the arithmetic, geometric, and harmonicn n n
means of positive numbers x , x , . . . , x , that is,1 2 n
y1n n n1 1 1
1r nA s x , G s x , and H s .  n i n i n  /n n xis1 iis1 is1
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The famous inequality
H F G F An n n
is proved in many different methods which can be found in, for example,
w x5]7, 9 .
1 X X X xIf x g 0, , i s 1, 2, . . . , n, we also denote by A , G , and H thei n n n2
arithmetic, geometric, and harmonic means of 1 y x , 1 y x , . . . , 1 y x ,1 2 n
that is,
n n1 1rnX XA s 1 y x , G s 1 y x , .  . n i n in is1is1
y1n1 1
Xand H s .n  /n 1 y xiis1
w xIn 5, p. 5 , the following inequality of Ky Fan is given
G An nF . 0 .X XG An n
 . w xConcerning further developments of the inequality 0 , we refer to 1, 4
and the references therein. The first inequality of
H G An n nF F 1 .X X XH G An n n
w xwas established by W. L. Wang and P. F. Wang 10 in 1984, and also
w xproved by H. Alzer 2 .
w xIn 1993, Malcolm T. McGregor 8 used straightforward induction argu-
ments to establish the following inequalities
n n
n q x x r 1 q x . i i i
is1 is1H F F G F F A 2 .n nn n n
n q 1rx 1r 1 q x .  . i i
is1 is1
 .and also deduce the inequalities 1 , where 0 - x F 1, i s 1, 2, . . . , n, andi
x F x whenever i - j.i j
The main purpose of this note is to show that there are monotonic
 .  .  .  .continuous functions h t , k t , p t , q t so that
H F h t F G F k t F A .  .n n n
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and
H G An n nF p t F F q t F . .  .X X1 y H G An n n
2. MAIN RESULTS
We state the main results as the following theorems.
 4THEOREM 1. Gi¨ en a sequence x , x , . . . , x of positi¨ e real numbers,1 2 n
which do not all coincide:
 .a Let
y1rnn n1 1 1 1
h t s q t y , t g 0, . .    /x x x nis1 i j ijs1
 .  .  .Then h t is continuous, strictly decreasing, and H s h 1rn F h t Fn
 . w xh 0 s G on 0, 1rn .n
 .b Let
1rnn n 1
k t s x q t x y x , t g 0, . 3 .  .  . i j i nis1 js1
 .  .  .Then k t is continuous, strictly increasing, and G s k 0 F k t Fn
 . w xk 1rn s A on 0, 1rn .n
1 4  xTHEOREM 2. Gi¨ en a sequence x , x , . . . , x with x g 0, , i s1 2 n i 2
1, 2, . . . , n, which do not all coincide:
 .a Let
y1rnn n1 1 1 1
p t s q t y y 1 , t g 0, . .    /x x x nis1 i j ijs1
 .  .  .Then p t is continuous, strictly decreasing, and H r 1 y H s p 1rn Fn n
 .  . X w xp t F p 0 s G rG on 0, 1rn .n n
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 .b Let
1rnn n
x q t x y x . i j i 1is1 js1
q t s , t g 0, . . 1rnn n n
1 y x y t x y x . i j i
is1 js1
 . X  .  .Then q t is continuous, strictly increasing, and G rG s q 0 F q t Fn n
 . X w xq 1rn s A rA on 0, 1rn .n n
3. PROOF OF THEOREMS
To prove our main theorems, we need the following lemma:
LEMMA. Let f : C ª R be a con¨ex function defined on a subinter¨ al C of
 4R, the real numbers, and let x s x , x , . . . , x be a sequence of points in C.1 2 n
 4 nIf a , a , . . . , a is a sequence of positi¨ e numbers such that  a s 1,1 2 n is1 i
define
n nt
g t s a f x q x y x , .  . x i i j i /na iis1 js1
 4where 0 F t F a s min a .i
1FiFn
Then
 .  . w xI g t is con¨ex on 0, a .x
n n
 .  .  . w xII f a x F g t F a f x for all t g 0, a . i i x i i /
is1 is1
 .III If x ) 0, i s 1, 2, . . . , n, theni
ya iy1n n na 1 t 1 1i F q y   /  /x x na x xis1i i i j iis1 js1
a in n n nt
a iF x F x q x y x F a x .   i i j i i inais1 is1 i js1 is1
w xfor all t g 0, a .
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1 .  xIV If x g 0, , i s 1, 2, . . . , n, theni 2
a in nn
a x q trna x y x .  .i  i i j ix i is1 js1is1 Fn a in na i1 y x . i 1 y x y trna x y x .  . i i j iis1 is1 js1
n
a x i i
is1F 4 .n
a 1 y x . i i
is1
w xfor all t g 0, a .
 . w xProof. I Suppose that u, ¨ g 0, a and a, b G 0 with a q b s 1.
Since f is convex on C, we have
n nau q b¨
g au q b¨ s a f x q x y x .  . x i i j i /na iis1 js1
n nu
s a f a x q x y x . i i j i na iis1 js1
n¨
qb x q x y x .i j i /na i js1
n nu
F a a f x q x y x . i i j i /na iis1 js1
n n¨
q b a f x q x y x . i i j i /na iis1 js1
s ag u q bg ¨ . .  .x x
 .This proves I .
 .II By the convexity of f , we also have
n nt t
g t s a f 1 y x q x .  x i i j / /a nai iis1 js1
n nt t
F a 1 y f x q f x .  . i i j /a nai iis1 js1
n n nt
s a f x y tf x q f x s a f x .  .  .  .  i i i j i inis1 js1 is1
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and
n nt
g t s a f x q x y x .  . x i i j i /na iis1 js1
n n nt
G f a x q x y x s f a x . .  i i j i i i / /nis1 js1 is1
 .This proves II .
 .  .  .III Choose the convex function f x s yln x, x ) 0 in II . We have
a in n n nt
a ix F x q x y x F a x 5 .  .   i i j i i inais1 is1 i js1 is1
w xfor all t g 0, a , and
aa iin n n n1 1 t 1 1 1
F q y F a    i /  / /x x na x x xis1 is1i i i j i ijs1 is1
w xfor all t g 0, a , which is equivalent to
ya iy1n n n na 1 t 1 1i a iF q y F x 6 .    i /  /x x na x xis1 is1i i i j iis1 js1
w x  .for all t g 0, a . This completes the proof of III .
 .  .  . .  .IV The function f x s ln 1 y x rx s ln 1 y x y ln x is convex on
1 x  .0, . It follows from II that2
a in nn n
a i1 y x y trna x y x .  .a 1 y x   . i i j i 1 y x .i i  iis1 js1is1 is1F Fn na in n
a ia x x i i ix q trna x y x .  . i i j i is1is1 is1 js1
 .which is equivalent to the inequality 4 .
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Now, we prove our main theorems:
Proof of Theorem 1. Let a s 1rn, i s 1, 2, . . . , n. Then it follows fromi
 .the inequality 5 that
1rnn n
1rnG s x F k t s x q tn A y x .  . n i i n i /is1 is1
n1 1
F x s A , t g 0, . i nn nis1
Now
1 1
k 0 s G , k s A , k t ) 0 for t g 0, , .  .n n /n n
and
d 1 1
k9 t s k t s k t s t , t g 0, , .  .  .  .
dt n n
n
 .   .   ...where s t s n A y x r x q tn A y x . n i i n i
is1
 . w xSince s t is a strictly decreasing function on 0, 1rn , it follows that
n1 n A y x .n i
s t ) s s .  /n x q A y x .i n iis1
n x 1is n 1 y s n n y n s 0, t g 0, . .  / /A nnis1
 . w x  .  .Therefore k t is strictly increasing on 0, 1rn , and G s k 0 F k t Fn
 .k 1rn s A .n
 .  .A similar argument, using the inequality 6 , shows that h t is strictly
w xdecreasing on 0, 1rn and
1
H s h F h t F h 0 s G . .  .n n /n
This completes the proof of Theorem 1.
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Proof of Theorem 2. Let a s 1rn, i s 1, 2, . . . , n. Then, it follows fromi
 .the inequality 4 that
n
1rnx q tn A y x . i n iG A 1n nis1F q t s F , t g 0, . . nX XG A n1rnn n1 y x y tn A y x . i n i
is1
Now
G 1 A 1n n
q 0 s , q s , q t ) 0 for t g 0, , .  .X X /G n A nn n
and
1
q9 t s q t r t , t g 0, , .  .  .
n
where
n nA y x A y xn i n i
r t s q . .  x q tn A y x 1 y x y tn A y x .  .i n i i n iis1 is1
Now
2n A y x 2 x q tn A y x y 1 .  . .n i i n i
r 9 t s n - 0, .  2 21 y x y tn A y x x q tn A y x .  .is1 i n i i n i
1w  .x w . x w .since 2 x q tn A y x y 1 s 2 1 y tn x q tnA y 1 - 2 1 y tn qi n i i n 2
1 xtn y 1 s 0, for i s 1, 2, . . . , n.2
 . w xTherefore r t is strictly decreasing on 0, 1rn , and then
n n1 A y x A y xn i n i
r t ) r s q s 0. .   /n x q A y x 1 y x y A y x .  .i n i i n iis1 is1
 .  .Therefore q9 t ) 0 for t g 0, 1rn . This completes the proof of Theo-
 .rem 2 b .
 .  .  .  .Next, let f x s yln x y 1 . Then f x is convex on 1, ` . If x gi
1 x  .0, , 1 F i F n, then it follows from the Lemma Part II that2
y1rnn nH 1 1 1n F q t y y 1   /1 y H x x xis1n i j ijs1
G 1ns p t F , t g 0, . . XG nn
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Now
y1rnn
1 y xy1rn  . in 1 Gnis1p 0 s y 1 s s , .  n X /x Gis1 i nx 0 i
is1
y1rnn n1 1 1 1 1
p s q y y 1  /  /n x n x xis1 i j ijs1
y1rn y1n 1 1 Hns y 1 s y 1 s ,  /  /H H 1 y His1 n n n
1
p t ) 0 for t g 0, , .
n
and
1 1
p9 t s y p t g t , t g 0, , .  .  .
n n
where
n
1rx y 1rx . j in
js1
g t s .  n
is1 1rx q t 1rx y 1rx y 1 .i j i
js1
w xis strictly decreasing on 0, 1rn , so that
n
1rx y 1rx . j in1 js1
g t ) g s .  n /n is1 1rx q 1rn 1rx y 1rx y 1 .  .i j i
js1
n
1rx y nrx . j in
js1s s 0. n
is1 1rn 1rx y 1 .  . j
js1
 .  .Hence p9 t - 0 for t g 0, 1rn . This completes the proof of Theorem
 .2 a .
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  .m. .  .Remark 1. Let t s 1 y 1r n y 1 1rn , m s 0, 1, 2, . . . , in 3 .
 4Then we have a sequence B of the formm
1rnn1 1 1
B sk 1 y s x q 1y A yx , .m mm i n i / /nn y 1 n y 1 .  .is1
w xwhich is analogous to a sequence investigated by Mohr 6, pp. 75]76 .
Remark 2. We observe that H q H X F A q AX s 1. It follows fromn n n n
 .the inequality 1 that
H H Gn n nF F .X X1 y H H Gn n n
 . w xSince the function p t in Theorem 2 is strictly decreasing on 0, 1rn ,
 .there exists a unique t g 0, 1rn such that0
y1rnn nH 1 1 1n s p t s q t y y 1 . .  X 0 0  /H x x xis1n i j ijs1
Hence
y1rnn nH 1 1 1 Gn ns p t F p t s q t y y 1 F p 0 s .  .  . X X0  /H x x x Gis1n i j i njs1
w xfor t g 0, t .0
In case n s 2, we have
1 4 1 y x 1 y x 1 y x y x .  .  .1 2 1 2
t s 1 y 1 y ,0 2)2 2 y x y x .1 2
that is,
x x 2 y x y x .1 2 1 2
x q x 1 y x 1 y x .  .  .1 2 1 2
H2s s p t .X 0H2
1 4 1 y x 1 y x 1 y x y x .  .  .1 2 1 2s p 1 y 1 y 2)2 02 y x y x .1 2
x xG ’ 1 22F p t F s , . XG 1 y x 1 y x’ .  .2 1 2
w xfor t g 0, t .0
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 .  .Remark 3. The functions h t and k t in Theorem 1 are strictly
w x  .monotonic continuous functions on 0, 1rn . In view of the inequality 2 ,
 .  .there exist a unique t g 0, 1rn and a unique t g 0, 1rn such that1 2
n n
n q x x r 1 q x . . i i i
is1 is1h t s and k t s .  .n n1 2
n q 1rx 1r 1 q x .  . . i i
is1 is1
whenever 0 - x F 1, i s 1, 2, . . . , n, which do not all coincide.i
For example, in case n s 2, we have
1 4 1 y x x .1 2
t s t s 1 y 1 y ,1 2 2)2 2 q x q x .1 2
that is,
1 4 1 y x x 2 q x q x .1 2 1 2
h 1 y 1 y s ,2)2 2 q 1rx q 1rx 02 q x q x . 1 21 2
1 4 1 y x x x r 1 q x q x r 1 q x .  .  .1 2 1 1 2 2
k 1 y 1 y s .2)2 1r 1 q x q 1r 1 q x .  . 02 q x q x . 1 21 2
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